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A REVIEW OF WIDEBAND AMBIGUITY FUNCTIONS

INTRODUCTION

The narrowband ambiguity function requires the approximation of the Doppler effect
by a frequency shift, constant across the bandwidth. (This function and some of its gen-
eralizations are discussed in a companion report entitled 'A Review of Narrowband
Ambiguity Functions,* hereafter referred to as "Narrowband Review.') With very-low-
frequency wideband signals and with high-velocity or accelerating targets, this approxi-
mation is no longer valid. An ambiguity function which takes into account the actual time
compression or expansion must be used.

The narrowband ambiguity function has been extensively explored (see "Narrow-
band Review"). While not as fully developed or used, the wideband function Is of in-
creasing interest (1-14). This report reviews the derivations and properties of the wide-
band ambiguity function and compares the two functions. The notaticn is designed to be
consistent with that for narrowband functions to facilitate comparisons.

DEFINITION

Let s1( ) (L2(-,-) represent a signal transmitted with a propagation velocity c,
assumed constant. Let s2( t) represent the echo of s1 (t) from a target at range r(t) moving
with a constant radial velocity v. Then

s2(t) = as,(t - T().

where a is assumed constant and T(t) is the time required for the signal to reach the tar-

get and return.

It is shown in Ref. 5 that (with no approximations beyond the model itself)

s 2(t) as(a t - (1)

where a (c - v) '(c , v) is the "Doppler stretch factor" and , - 2 ro (c . v) is the signal
delay at t = 0.

If both s,(t) and s 2 (r) are normalizedi,
.2 B

2

P= s(t) 2 
dt = o2fls ,) 2 dt f! 2 2e I --

Thus, conservation of energy requires that a = , if attenuation is ignored.

To maximize the resoluticn between any two signal functions, sl(t) and s2(), P most
general ambiguity function' is defined and discussed in "Narrowband Review" as IX.1312
where

XS 2 = fs (t)s 2*(t) dt. (2)

tHcre and in the scquel the limits df integration are ardess .. rwise stated.
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Substituting Eq. (1) for the present case of true doppler effect and dropping the sub-
script we define

o(r, a) X % 'a fs(t)s*(a t - r ) dt (3)

The reason for retaining the factor %a in the definition will be apparent later (Eq.
(11)).

The wideband ambiguity function is

10(r, a)12 - a1fs(t)s'(at - r) dt 2  (4)

RELATIONSHIP TO THE NARROW-BAND AMBIGUITY FUNCTION

We may write s(t) - u(t)exp(2*if.ot), where fo is an arbitrary parameter which may
be interpreted as a carrier frequency but need not be so restricted. If f. represents any
single frequency in the spectrum of s(t), the dnppler effect at that frequency is a shift

$ afo- fo- (=- 1) fo.

Equation (3) if considered as a function of r and t becomes

'4(r. 0) - 0(r. a) = vafu(t)exp(2uifot)u*(at - r)expL-2rif 0 (at - r)) dt

-3exp(2wif 0 tr)fu(t)u*(at - r)exp(-2*iit) dt. (5)

Let
S2v
C + V

Then a-(c- v),'(c v) -I-2v/(c+ v)I i-B,where s << I if v << c, as is assumed in the
narrowband case. By i Taylor expansion,

U(at- r) - U(t- r - S0t) U (t- r) - (5 t)u'(t - ) (3t) 2 u"(t - )/2! .

If we restrict u(t) so that the series converged rapidly, we have, to o(bt) 2 ,

exp(-2lifor)6'(r, t) - lJaf u(t)[u*(C - r) - StJ"(t - r)] exp(-2itt) dt,

- Nix(r, 0) - Syf tu(t)u'*(t - r)exp(-2fit4t) dt,

where x(,, 0) is the narrowband generalized autocorrelation function introduced by
Wooddard (15). Hence,

I0(r, 0): _ v X(,, 0)1 + i IvaIf tu(t) u'(t - r)exp(-2ritt) dtj

by the triangle inequality.

By the Cauchy-Schwarz inequality,

, ) )1 - V'1 , 0)1 < 1 ' ,[.i 2Iu , )I k dtf v "t/i
1 '2. (6)
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Since tt). f (f)exq(2r ift) di, U'(r) - 2*iff N(f)exp(2wift) df; hence, by Parseval's

theorem

flu'(t) 2 dt - 4, 2 r f 2 1U(f)1 2 df 82, (7)

where p is the 'Woodward bandwidth."

Similarly,

LP(f) - -2,.f tu(t)exp(-2vift) dt

and

flU'(f)12 df- 4w 2 f t2 ' ;u(t) 2 dt 3 23, (8)

where 3 may be called the "Woodward duration," by analogy.

Thus, from Ecs. (6), (7), and (8) we have the upper bounds

6(r,. 4)i - xj(, ®)1 - SI5p (9)
2ff

and (by straightforward algebraic manipulation) to o(b2)

S(,, 41)12 - a ; );2 . I 5P' (,, 0)'. (10)

Consideration of the Doppler effect as a simple shift ignores the change in bandwidth
A13. The narrowband generalized correlation function is a valid approximation of the
response to the echo from a moving target of a bank of matched filters, if I is much
less than Af, where Af is the difference in frequency between the centers of adjacent
filters in the bank. Taking Af- I/T, where T is the duration of the signal, validity of the
narrowband approximation requires

I AB IB-, a8! = B; - a, -B!;, << 1 'T

or

Ib!TB B .

This relation may be compa.ed with Eqs. (9) and (10). The product 18: TB is known
as the dispersion product.

The significance of Eqs. (9) and (10) may be seen by substituting numbers relating
to sonar applications. If v = 10 knots = 11.5 mph and c 1500 m/sec = 3360 mph, then

=0.993 and 6 = 0.007. 1&%us, if =1.2 see and p - 25 Hz, ai 8 1 D /r- 0.07; the difference
between the wideband and nsarowband ambiguity functions is at most 7% of the magnitude
of the generalized autocorrelatlon, or 10% of the ambiguity magnitude at ( ) = 1/2.
In general, the difference is !ess than 10% of the ambiguity at t(:, ):2 = 1/2,

if (c/2)151 -61 0.07 c,2 a- S , 320,'(X ,) knots.

If 5 > 3 sec, 0 100 Hz, this would require target velocities of less than I knot. To
express this relationship another way, a sufficient condi ion for the difference between
the wideband anti narrowband ambiguity functions to be Iess than 10% (at the point at
which the narrowband ambigaity is 50%) is that the procluct "10ivi be less than about 300,
where 3 is in seconds, p in Hertz, and v in knots.
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Equations (7) and (8) may be used !15,16) to derive an interesting uncertainty relation-
ship: 1 -w , which is done in the Appendix.

PROPERTIES OF THE WIDEBAND AMBIGUITY FUNCTION

1. 0(r, 1) fs(t)s'(t - r) dt - R(r),

where R(,) is the complex autocorrelation function of a (t).

2. 0(o, 1) = fI s(t) 2 d . 1,

since a(t) Is assumed to be normalized.

3. Theorem 1

0(r, a)! - 0(0, 1) = I (II)

Proof

18r. a)] - vNlls(t)W(at - r) dtj

- vaif, s(t)j
2 dtfl s(at - r)12 dt] 1 .

2 
- .(1/a)

1' 2  1.

The \, factor in the definition, Eq. (3), was retained to obtain this result (Eq. (11)).
The maximum of the wideband ambiguity function (13) occurs at the point (0,1). (Ref. 13).

4. Frequency Representation

0(r, a) - v f s(t)s(at - r) dt

. \;fffS(t.)exp(2wit)SI(f)exp((-2sif(at - r)1 cdfdt

= . fS(af)S*(f)exp(2vifi) df. (12)

5. Symmetry

- vafs(at - r)s*(t) dt . 0(r, a)

I(- ; 12- Io(,' ,)i2 . 3)

6. "Conservation of Ambiguity"

Integration of I (r,. a) 12 over all values of its parameters must be limted to 0 < a < -.
Using Eq. (12), we have

VA-,._ c cr. a)1 2 drda - fof' ffaS(af)S*(f)S-(av)S(.')exp2i(f - v)r] dfdvdrda

- rraoS(.f) 2 S(f) 2 dfda. _ rjS(f)i 2 ,.S if)! 2 dadf

. PLi S(f)2fg,,: $S)I2 dydf. (14)
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P indicates the Cauchy principal value of the integral. In this case

p S(f)12  lira - S(f)
2  $(f )12

-L.- -- df 
t- (2 -df+

If this limit does not exist (as will be the case if s(f, is continuous and S(0) g 0), then the
volume under the wideband ambiguity surface Is infinite. If the Cauchy principal value
exists, the volume will depend on the signal waveform, in contrast with the nsrowband
case.

If s(t) represents a high-frequency narrowband signal, so that S(f) vanishes outside
of a small region near a center frequency fo, then

V - S~f 12 df f.1.~)!LJ2 s2 f

a constant, independent of the signal waveformt.

WIDEBAND CROSS-AMBIGUITY FUNCTIONS

As in the case of the narrowband function, the wideband autoambiguity function may
be considered a special case of a cross-ambiguity function. Many of the properties of the
special case have analogs in the more general case.

We define the wideband generalized cross-correlation function of s,(t) and s2(t), or
the theta function for short, as

O(s. s2;r, a) 0 9,, 2 . a) = ffs1(t)s 2 '(a -r ) dt. (15)

The wideband cross-ambiguity function Is
IO(si, S2 :r, a)12 

= alfs(t)s 2'(at - r) dtI 2 . (16)

Alternatively, as in Eq. (12),

O(s1 , 32;r. a) VaS 1(Gf)S 2"(f)exp(2eiF,) d[. (17)

The following two theorems and corollaries are due to Speiser (6).

Theorem 2

fO(s1 , s;r. a)exp(- 2wiir) dt - ViS 1 (at)S 2 (V). VV (18)

Prool

fOa(1, 32r' a)exp(-2wir) dt 6 ffsj(t)s2*(at - r)ex 'srivr) dtdr

v/ffs(t)s 2*(q)expi-2iv(at - it) dtdq

- Afs1 (t)exp(- 2 rivat) dtfs 2*( ?) exp(2wi, 1 ) dq

-S 1(01')S2*(-), Va'

tThe constant i i not unity, as in the narrowband case, since the integration is now over
0 < a < - rather than-- < 0 < where D - (a - 1) f0 .
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Corollary 1

Letting P - 0 in Eq. (18), we get

fO(s 1, . 2;r, a) dr - viSI(O)S 2*(O).

Corollary 2 (Uniqueness theorem)

If O(x, x;r, a) - O(y, y;r, a), then x(t) - c,(t) almost everywhere (a.e.), where c is a
constant and I cl 1.

Proof

By Theorem 2, we have

X(av)X*'() - Y(av)Y*(v). (19)

For v - vo, if X*(vO) / 0,

Y" ()
X(at'o ) - (o Y(avo) - cY(avo), Va,

2 2 2 2
where c is a constant. Thus, I X(av)l , I c I I Y(ao) I, Va, while from Eq. (19) I x(v) =

IY(v)l 2, Vv; hence, I cI - 1. Since two functions having the same Fourier transform are
equal a.e., x(t) - cy(t) a.e.

Theorem 3 (Convolution Theorem)

Let ul(t) . vl(t) • wl(t), u2 (t) . v2(t) * W2(t)

Then

vO(u1, u 2 :T, a) - O(vj, v 2 ;r, r) ; O(w1 , w2 ;r" a)

- O(v, W2 ;,r, a) O(w1 , v 2;,, a). (20)

where I indicates convolution with respect to r.

Proof

,GO(ul, u 2;r, a)- afuj(t)u2 *(at - r) dt

= afffv()w 1(t - '7)v2*(0)W*(at - r 4) dndidt

- afffv1 () v 2*()w 1 (v)w2*(av + an - r - C) dvdndC

-y'ffvI()v 2*()O(w 1 , w2 ;r + C- a?, a) d,1dC (21)

/ If(,1 . w2: , I)v()v 2*(f + aj - r) dIdC

. fO(w 1 , w2;e, a)O(v1 , v 2 ;r - C', a) de

- O(w1, w2 ;r, a) ; 0(v1 , v2:r, a).



NRL REPORT 6994 7

Similarly, it follows from Eq. (21) that

\'aO(u1 , u 2 ;r, 0) - O(v, w;r, a) (w1 , v 2 ;r, a)

ACCELERATING TARGETS

The wideband ambiguity function defined by Eq. (4) is valid only for targets moving
with constant radial velocity. A generalization of the ambiguity function for accelerating
targets was made by Kelly and Wishner (4). An additional modification is required. As
before we let s,(t) repiesent a signal transmitted with a propagation velocity c, assumed
constant. The echo is again represented by i (t) - As1l t - T(t)], where T(t) is the total
delay, the time required for th,2 signal to reach the target and return. Thus, if r(r) is the
range of the target at any time t, Kelly and Wishner define the functional relationship

cT(t)2, rt - T(t)/21. (22)

Expanding T(t) in a Taylor series about t t, , we have

T "'(t o ) -
T(t) = T(t o )  - T-( to) (t - t o ) ---2- -- (t - to) 2  . .

where to is arbitrary. It is convenient to choose to as the time of reception of a signal
transmitted at time t - 0. That is, the delay of the signal received at t = to is just to:
T((,)) = e. Then

T(t) = to ., i(t - to) . (t - to)
2  . .... (23)

where "A T *(to) and T(t O) '2.

Differentiating Eq. (22) yields
2

T (t) - z't t- T(t)'2H1 - T'(t)'21

2r'[ - T(), 2] 2v t - T(t) 2]
c . r'it - T(t) 21 c , vi - T(t) 2

where v(t) (t) .

2vi0  - to/21 2v(t 0 '2)Tnais, o 2 v(to :)c.
s , v[ 0 - t02] c 4v(t0 2 )

Differentiating again,

Ic. vI t - T(t) 211 2v'1 t - 1 (e) 2111 - T'(t) '21 - 2vt - T(t).'21 v t - T(t)./2111 - T'(t) 2]T -(t) -
Ic . v t - T(t) 2112

2cv'i t - T(t). /2111 - T'(t)."2] 2 cv'1 t - T(t)'21 v1 - T(t)/2

Ic vi t- T(t) '2112 Ic v wlt - T(t)211 2

2c 0t - T(t) '21

Ic , vt t - T(t)/211
3
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where a(t) = v'(t) -r"(0.

c2 a (t /2)
ThuEs, f = T"(to)/2c.

(c + v(to/2)1
3

From Eq. (23),

t - T(t) = t - to - (t - to) - (t - to)
2  

.

- (1- 8) (t - to) - ((t - to) 2 -

- a(t- to ) (t- ) 2  _ . .

2v(to/2) c - V(to/ 2 )
where a 1- 8 = 1 c + v(to/2) c + v(t0/2 )

2v(t°/2)
c

is the "Doppler stretch factor," as before.

For times t - to , we retain only terms of o(t - to) 2 .

Then s 2 (t) - AszIt - T(01 - Aj[ .(t - to) - e(t- to) 2 1.

Using Eq. ,) -' "id dropping the subscripts, we achieve m'admum resolution by mini-

mizing the absolute value of

A AQ(tO, a, f) = sA f s (t) s*[a (t - t o) - e (t - to) 21 dt. (24)

The ambiguity function for accelerating targets is

IQ(t 0 , a, ()12 2 a!f s(t)S'[a(t - to) - f(t - to) 2 ] dt! 2 . (25)

For constant velocity targets, c a 0 0, and

Q(t0 ' a, 0) - O(r, a) =,/af s(t) *(at - r) dt,

in agreement with Eq. (3), where , at 0 - T(O) is the signal delay at t - 0.
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Appendix

UTNCERTAIN~TY RELATION

Borrowii~g from quantum mechanics, Gabort derived an uncertainty relation for the
signal duration-signal bandwidth product. This relation may be obtained easily from
Eqs. ('7) and (8). We have

35ft2 . 4ffft2 ju(t)j 2 dtflu(t)12 dt.

Reversing the procedure used in obtaining Eq. (8), the Schwarz inequality yields

32,62 > 4.i 2 ftU(t)u'-(t) d0j2 
- 4.21 AI2 . 4,, 2 1a , ib12 .

where A a + iL fru(t)u'-(t) dt.

For any complex number A - a +ib,

AI2  a a 2  b2 > a2 _ (A +A 24

therefore, 52)92 > e?2 [f t(u±L+ u* ~. dtJ,2 . Is 2[f t -I- (u u) dt 12

cit dt d

Integrating by parts, this becomes

~32,02 > 2 t I U (t)1 2 
1 f U (t) 2 dt12  

2

if t U (t) 12 vanishes at t - ±_~. Thus,

30~ (Al)

Equality holds if and only if b-= 0 and u'(t) = k' tu M); i.e., u'(t)/u (t) - k t .From

this we get In u(t) = k'r 2 /2 in k or u~t) w k exp(k't. 22 J exp(-at 2 ), where a 0 Oto
assure that u(±-o) = 0. Thus, the waveform with minimum time-bandwidth product (as
defined here) is a Gaussian pulse,

Woodwardt points out that large intervals of time and frequency are not incompatible.
Thus, the uncertainty relation, Eq. (Al), does not imply any restrictions on accuracy of
range and velocity measurements. It was the limitation on resolution which lead Woodward
to develop the ambiguity function.

tD. Gabor, "Theory of Comnmuni cation," J. Inst. Elec. Engr. (Pt. 111) 93:429-441 (1946).
tP. M. Woodward, "Probability and Informiation Theory, with Applications to Radar,"
2nd Edition, London: Per garnon. p. 119, 1964.
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